FINDING A SYSTEM OF ESSENTIAL 2-SUBORBIFOLDS 
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Abstract. We make an analogy of Culler-Morgan-Shalen theory. Our main 
goal is to show that there exists a non-empty system of essential 2-suborbifolds 
respecting a given splitting of the orbifold fundamental group. 
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1. Introduction 

For a 3-dimensional manifold N, the essential (i.e., incompressible and not 
boundary parallel) 2-suborbifolds are corresponding to the decompositions of the 
fundamental group of N. If N has an essential and separating 2-subsphere, iri(N) 
has the free product decomposition which respects its geometric decomposition, 
and conversely, if tti(N) has a free product decomposition, N has an essential and 
separating 2-subsphere which realizes its algebraic decomposition. If N has an 
essential 2-submanifold S which is not a 2-sphere but separating, the above decom- 
position of 7i"i (iV) turns to be an amalgamated free product decomposition, and 
if S is non-separating, it does to be an HNN extension decomposition. Moreover, 
}C-Sj proved the theorem that if N acts on a simplicial tree nontrivially, N has a 
non-empty system of essential 2-submanifolds which respects that action. 

A similar approach should be considered for 3-orbifolds. If a 3-obifold M has an 
essential 2-suborbifold, it is clear that the orbifold fundamnetal group wi(M) has 
an amalgamated free product decomposition or an HNN extension decomposition. 
In |T-Y 2j (respectively, |T-Y 3) ) we found an essential non-spherical (respectively, 
spherical) 2-suborbifold realizing a given algebraic decomposition of the orbifold 
fundamental group of M. 

In the present paper we show the following: 

Theorem 1.1. Let M be a good, compact, connected, orientable 3- orbifold with- 
out non-separating spherical 2-orbifolds. We assume that the fundamental group 
of each prime component of M is infinite. Suppose that ni(M) has a nontrivial 
finite splitting. Then there exists a non-empty system of essential 2-suborbifolds 

n 

S\, . . . , S n C M such that for each component Q of M — Si, tti(Q) is contained 

i=l 

in a vertex group. 

Boilcau, Maillot and Porti showed a related result in |BMP[ Proposition 7.16], 
where they treat with the fundamental group of the complement of the set of 
singular points of a 3-orbifold. 

We summarize the contents of the present paper. In Section 2, 3 and 4, we 
review on the actions on a tree, 3-orbifolds, and OISIBO's (orbifold identified spaces 
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identified along ballic orbifolds) respectively. In Section 5, we prepare an orbifold 
composition, which is used in Main Theorem as the target space of a b-continuous 
map. In Section 6, we prove Main Theorem. 

2. Preliminaries on the actions on a tree 

Throughout this present paper any orbifold is assumed to be good, that is, it 
is covered by a manifold, and assumed to be compact, connected and orientable 
unless otherwise stated. 

In |Sej . some fixed point theorems about group actions on trees are proved. Here 
we use the following restricted forms of them. 

Let T be a simplicial tree, i.e., a connected and simply connected 1-complex, 
and G a group simplicially acting on T. 

For g G G, g is called to have an edge inversion if there exists an edge E such 
that g(E) = E and g\E is orientation reversing. 

The action is called trivial if a vertex of T is fixed by T. 

Proposition 2.1. Let g be an element of G with finite order. If g acts onT without 
edge inversions, then there exists a vertex p of T such that g(p) = p. 

Proposition 2.2. Let p\, P2 G T be fixed points of g G G and I the unique simple 
path from p\ to p2- Then any vertex and edge on I are fixed by g. 

Let n > 1 be an integer. Put 

G n = ( oi, • • • , a n \ a" 1 = 

where on,fii.j > 2 are integers. 

Lemma 2.3. // G n acts on T without edge inversions, then T has a fixed vertex 
of G n action. 

3. Preliminaries on orbifolds 

Definition 3.1. Let M = (M,p, \M\), N = (N,q, \N\) be orbifolds. A continuous 
map f : M — > N is a pair (|/|, /) of continuous maps |/| : \M\ — > \N\ and / : M — > 
N which satisfies the following: 

M — ^— >■ N 

(3.1) p| ? 

|M| -j-j-> \N\ 

(i) \f\°p = q°f, 

(ii) For each a G Aut(M,p) there exists an element r G Aut(A^,<7) such that 
/ o cr = r o /. 

A continuous map / : M N is b-continuous if there exists a point x G \M\ — EM 
such that \f\{x) G \N\ - Y.N . It was called an orbi-map in [TaTl IT-Y T\ . etc. A 
b-continuous map induces a homomorphism between the fundamental groups and 
local fundamental groups of orbifolds, see |T-Y 4| Lemma 3.13] and |Talj . where 
the points x and |/|(a;) in the above could be base points of the fundamental groups 
of M and N, respectively. The notion of (b-)continuous maps between orbifolds 
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is naturally generalized for those between OISIBO's and orbifold compositions in 
Sections 0] and [5] 

A b-continuous map / : M — > N is an embedding if f(M) is a suborbifold of N 
and / : M —> f(M) is an isomorphism of orbifolds. 

For other terminologies, sec [Tal . 

4. Preliminaries on OISIBO's 

Definition 4.1. Let /, J be countable sets, X, (i e I) n-orbifolds, and Bj (j € J) 
ballic n-orbifolds. Let /? : Bj — > -X"i(j, e ) be embeddings (as orbifolds) such that 
fj{Bj) C Int ^i(j-,e) an( i fj(Bj) are mutually disjoint, where j 6 J, i(.7, e ) e 
e = 0, 1. Then we call X = (Xj, Bj, /J)t6/,je j,e=o,i an n-orbifold identified space 
identified along ballic orbifolds (n-OISIBO). The maps °{f})~ 1 and their inverses 
are called the identifying maps of X. Each Xj, Bj are called a particle of X, and 
an identifying ballic orbifold, respectively. We define the equivalence relation ~ in 

Ui€l,jej(\ X i\ U \ B i\) t0 be g enerated b Y 

(4-1) v~\f\j(v), e = °. 1 . 

We call the identified space U ie/ - eJ (|X"j| U |.Bj|)/ ~ the underlying space of X, 
denoted by \X\, and call the identified space {(Ujg/ZXj) U (U^gjEBj)}/ ~ the 
singular set of X, denoted by "EX. 

Definition 4.2. Let X = (Xj, Bj, fj)iei,jeJ,e=o,i and X' = (X' k ,B' e ,gf)keK,teL,e=o,i 
be OISIBO's. We say that X and X' are isomorphic if there exists a set of maps 
{(fi, ipj}i^i,jeJ and bijections r\ : I — > X , £ : J — » L such that the following (i) and 
(ii) hold: 

(i) For each i £ I, ifi is an isomorphism (of orbifolds) from Xj to Xj^s , and 

for each j € J, is an isomorphism (of orbifolds) from Bj to B'^y 
(ii) For each j G J, and e = 0, 1, tp i(j . £) o /? = o ^. 

The system h = ({<Pi,ipj}iei,jeJiV^) is called an isomorphism from X to X'. 

Definition 4.3. Let X = {X}.,Bi, ff)keK,£eL,e=o,i andX' = (X|, B'j, f' e j ) ieIt j e j, e =o,i 
be OISIBO's. We say that X' is a covering of X if there exists a set of maps 
{ ( Pi,ipj}iei,je.J and surjections 77 : I — > A', £ : J — > L such that the following (i) 
and (ii) hold: 

(i) Each ifii is a covering map (of orbifolds) from X[ to X,^.^, where rj(i) € A, 
and each ^ is a covering map (of orbifolds) from £K to B^j-j, where £(j) £ 
L. 

(ii) For each j € J and e = 0, 1, <£ i(i>£ ) o /'J = o ifjj. 

Note that the continuous map \p\ : |X'| — > \X\ naturally induced by {pi,"tpj}ieI,jeJ 
is surjective, and induces the usual covering map from |X'| — |p| _1 (EX) to |X| — EX. 
We call the system p = (\p\, {^fi,ipj}iei,jej) a covering map from X' to X. 

Definition 4.4. Let X, X be OISIBO's, and p : X — s- X a covering. We call 
p a universal covering if for any covering p 1 : X' — > X, there exists a covering 
q : X — > X' such that p = p' o As the usual covering theory, for any OISIBO X, 
there exists a unique universal covering p : X — > X . 
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Definition 4.5. Let A', X be OISIBO's, and p : X' — > X a covering. We define 
the deck transformation group Aut(X',p) of p by 

(4.2) Aut(X',p) — {h : X' — > X' \ h is an isomorphism such that poh— p}. 

We sometimes denote an OISIBO X by (X,p, \X\), where p : X — ► X is the 
universal covering and |Xj is the underlying space of X. Any orbifold is considered 
as a special case of an OISIBO. 

Definition 4.6. Let X = (X,p, \X\), Y = (Y,q, \Y\) be OISIBO's. A continuous 
map f : X — > Y is a pair (|/|, /) of continuous maps |/| : \X\ — > \Y\ and / : X — » Y 
which satisfies the same property as (i) and (ii) in Definition 13.11 A continuous 
map / : X — > Y is b-continuous if there exists a point x G \X\ — EA such that 
\f\(x)e\Y\-EY. 

We define a homotopy of OISIBO's by using of continuous maps of OISIBO's as 
the usual homotopy. If the continuous maps at and 1 levels of the homotopy are 
b-continuous, this homotopy is called a b-homotopy. See |T- Y 4] . 

We define a path in an OISIBO X by using of a b-continuous map a — (\a\, a) : 
[0, 1] ->■ X with |a|(0) £ \X\ - EA. If a path a in X satisfies that |a|(0) = |a|(l), 
it is called a loop in X. 

By using of loops in an OISIBO X, we define the fundamental group of X as 
the usual theory. A b-continuous map / : X — »• Y between OISIBO's X and Y 
induces a homomorphism between the fundamental groups and local fundamental 
groups of X and Y, where the points x £ |A| — EA and |/|(a;) £ |Y| — EF in the 
definition of b-continuous map are the base points of the fundamental groups of X 
and Y , respectively. 

As usual covering theory, various similar results holds such as the following: 

Proposition 4.7. Let X be an OISIBO and let x, y be any two points of \X\ — EA. 
Then the fundamental groups tti (A, x) and tti (A, y) are isomorphic. 

We often denote n\(X 1 xo) by 7Ti(X) dropping a base point if not necessary. 

Proposition 4.8. Let X be an OISIBO and p : X — > X the universal covering of 
X. Then the fundamental group tti(X) is isomorphic to the deck transformation 
group Aut(A,p). 

Proposition 4.9. Let X be an OISIBO. For each subgroup H of tti(X), there 
exists a covering p : X — > X such that the OISIBO X has a fundamental group 
which is isomorphic to H . 

5. Orbifold compositions 

Definition 5.1. Let /, J be countable sets, Xi (i £ /) and Yj (j e J) be n- 
OISIBO's. Let fj:YjXe—> Xi(j, e ) be b-continuous-maps, /J = (|//|,/|), such 
that (/J)* are monic, where j G J, i(j,s) £ J, e = 0, 1. Then we call A = 
(Xi, Yj x [0, 1], fj)iei,jeJ,e=Q.i an n-dimensional orbifold composition (of type III ). 
The maps are called the attaching maps of A, which may have intersections and 
self-intersections. Each Xi, Yj x [0, 1] is called a component of X. The equivalence 
relation ~ in \J ieI j £j (\Xi\ U (\Yj \ x [0, 1])) is defined to be generated by 

(5-1) (V,e)~\fj\(v,e), £ = 0,1, y £ \Yj\, j £ J. 
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We call the identified space U ig/ jej(l-^*l ^ (I^J'I x IP' 1])) / ~ the underlying space 
of A, denoted by A|, and call the identified space {(UigjEXj) U (Uj^jT,(Yj x 
[0, 1]))}/ ~ the singular set of X, denoted by EX. 

In the definition of an orbifold composition, each (/J)* is monic, so that we can 
obtain the unique lift of any path £ in X such that £[0, 1) (~l EX = 0. 

We define a covering of an orbifold composition as similar as that of an OISIBO. 
We sometimes denote an orbifold composition X by (X,p, \X\), where p : X — > X 
is the universal covering and \X\ is the underlying space of X. Any orbifold and 
any OISIBO are considered as special cases of an orbifold composition. 

Definition 5.2. Let X = (X,p, \X\), Y — (Y,q, \Y\) be orbifold compositions. A 
continuous map f : X — > Y is a pair (|/|,/) of continuous maps |/| : \X\ — > \Y\ 
and / : X — »• Y which satisfies the same property as (i) and (ii) in Definition 13.11 
A continuous map / : X — > Y is b-continuous if there exists a point x G \X\ — EX 
such that |/|(x) G \Y\ - TY. 

By using of loops in an orbifold composition X, we define the fundamental 
group of X as the usual theory. A b-continuous map / : X — > Y between orbifold 
compositions X and Y induces a homomorphism between the fundamental groups 
and local fundamental groups of X and Y, where the points x £ \X\ — EX and 
|/|(ir) G \Y\ — EF in the definition of b-continuous map are the base points of the 
fundamental groups of X and Y, respectively. 

Definition 5.3. Let X be an orbifold composition. Define Oi(X), i = 1,2, 3 as 
follows: 

Oi(X) = {/ : S 1 — > X, a b-continuous map | [/] is of finite order 1) in ni(X)}, 

0%(X) = {/ : S — > X, a b-continuous map | S is a spherical 2-orbifold}, 

03(A) = {/ : VB — > X, a b-continuous map | VB is the double of a ballic 3-orbifold B}. 

A b-continuous map / : S 1 —> X G Oi(X) is trivial if there exists a b-continuous 
map g from a discal 2-orbifold D to X such that g|9-D = / and the index of D 
equals to the order of [/]. Oi(X) is trivial if every element of 0\(X) is trivial. We 
call / : S — > X G 02(A) trivial if there exists a b-continuous map g : c * S — >• X 
such that <7|iS = /, where c * S is the cone on S. 02(A) is trivial if every element 
of 02(A) is trivial. We define the triviality of 03(A) similarly. 

Note that if O^(A) is trivial, then any covering A of A inherits the triviality. 

Remark 5.4. Let A be an orbifold composition, and A the universal cover of A. If 
2 (A) is trivial, then tt 2 (X) = 0. 

Proposition 5.5. Let M be a compact 3-orbifold, and X an orbifold composition. 
If 0\(X) and 02(A) are trivial, then for any homomorphism tp : ttx(M) — > tti(X), 
there exists a b-continuous map f : M — > X such that /» = ip. 

Proof. Let M = \M\- Int U(EM), where f7(EM) is the small regular neighbor- 
hood of EM. We can construct a b-continuous map from the 1-skelton of Mq to 
X associated with ip. Since 0±(X) and 02(A) are trivial, this b-continuous map 
is extendable to Mq and furthermore to M, that is, we have obtained the desired 
b-continuous map. □ 
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Proposition 5.6. Let X be an orbifold composition, and f : S 1 —> X a b- 
continuous map. If FixQ/]^) ^ (j), then f is extendable to a b-continuous map 
from a discal 2-orbifold D to X where D — D 2 (n), and n is the order of 

Proof. Let q : D 2 — > D be the universal covering. Choose a point x € FixQ/]^). We 
can construct the structure map of the desired b-continuous map by mapping the 
cone point of D 2 to x and performing the skeletonwise and equivariant extension. 

□ 

Let S be a spherical 2-orbifold and let q : (S, xo) — > (S,xq), xo ^ T,S, be the 
universal covering. Let r be an element of ni(S, Xq), x t one of the two points of 
Fix(rA), and x T = q(x T ). By the symbol [i(x T ), we shall mean the local normal 
loop around x T . Let I be a path in \S\ — ££> from /j,(x t )(0) to xq such that r = 

([r 1 ■ ^(x T ) ■ £}) k , keZ 

Proposition 5.7. Let S be a spherical 2-orbifold, X an orbifold composition, 
and f : S — > X a b-continuous map. Suppose that there exists a point d 6 
Fix(/*7Ti(S')) J 4, and for any t £ tti(S,xq) there exists an interval l a including 
d and f{x T ) which is fixed by a a, where a = /*(r). If 112 of the universal cover X 
of X is 0, then f is extendable to a b-continuous map from the cone on S to X. 

Proof. The proof is similar to that of [T-Y 3[ Proposition 5.6]. □ 

Proposition 5.8. Let T>B be the double of a ballic 3-orbifold B, X an orbifold 
composition, and f : T>B — > X a b-continuous map. Suppose that Fix(/*7Ti(9_B)) J 4 
is connected, and for t G ni(dB, xq), 7Ti(Fix(/„((r)) J 4)) = 1 and there exists an 
interval l a including d and f(x T ) which is fixed by a a, where a = /*(t). If ~ki and 
7T3 of the universal cover X of X is 0, then f is extendable to a b-continuous map 
from the cone on T>B to X . 

Proof. The proof is similar to that of [T-Y 3| Proposition 5.7]. □ 

Proposition 5.9. |T-Y 3\ Proposition 5.8] Let X be a 3-OISIBO whose particles 
are irreducible. Let p : X — > X be the universal covering and a £ Aut(X,p) be any 
nontrivial element of finite order. Suppose that each particle of X is non-compact. 
Then the following holds: 

(i) Fix(cr) ^ <j) and is homeomorphic to a tree. 

(ii) Oi(X) is trivial. 

Since we assume that any orbifold is orientable, the restriction of a to each 
particle is orientation preserving, and each identifying ballic orbifold is orientable. 

Proposition 5.10. |T-Y 3[ Proposition 5.9] Let X be a 3-OISIBO, each particle of 
which is irreducible, and p : X — > X the universal covering. Let G be any subgroup 
ofAnt(X,p), which is isomorphic to the orbifold fundamental group of a spherical 
2-orbifold S . Suppose that each particle of X is non- compact. Then the following 
holds: 

(i) Fix(G) is either a point or a tree. 
(ii) ir 2 {X)=n 3 (X) = 0. 
(iii) Oi(X)'s are trivial, i — 1,2,3. 
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Proposition 5.11. Let X = (X,p, \X\), Y = (Y,q, \Y\) be orbifold compositions, 
and f = (|/|, /) : X — >• Y a b-continuous map. Then for [a] G 7Ti(X, a;), 

(5-2) f°[a]A = (M[a])U°f- 

Proof. Let x £ p^ 1 (x) be the base point of X. Note that [a] a is characterized as the 
element of Ant(X,p) which transforms 5(0) = x to a(l), and (/*([o:]))a = [f°a]A is 
characterized as the element of Aut(Y, q) which transforms /(a(0)) to /(a(l)). By 
the definition of b-continuous map, there exists an element r G Aut(Y, g) such that 
fo[a] A = Tof. On the other hand, r(/(fi(0))) - (ro/)(a(0)) = (/o [a] A )(o(0)) = 
/(a(l)). Hence r = (/*([a])) A . □ 

Proposition 5.12. Let X = (Xi,Yj x [0, l] 1 /e')-<ei',j6J',e=o,i ^ e an orbifold composi- 
tion, where each particle of each X% and Yj is an orientable and irreducible 3-orbifold 
whose universal covering is noncompact. Then Oi{X) 's are trivial, i = 1,2,3. 

Proof. Let p : X — > X be the universal covering. From the uniqueness of the 
universal covering, we may assume that X is the orbifold composition constructed 
in a similar method described in |T-Y 2j . 

Claim: Let G be any subgroup of Aut(A,p), which is isomorphic to the fun- 
damental group of a spherical 2-orbifold. Consider the associated 1-complex C(X) 
of X. Then, there exists a vertex OISIBO Z of X with respect to C(X) such that 
G{Z) = Z. 

Indeed, G is finite and acts on the tree C(X) without edge inversions. By Lemma 
12.31 we have the claim. 

Take any element / G 0%(X). By the claim, there exists an OISIBO Z of X 
such that [fU(Z) = Z. Then by Proposition EH Fix([f] A ) ^ in Z. Thus 
Fix([/] J 4) ^ in X. By using of Proposition [OH / is extendable to a b-continuous 
map from D 2 (n) to X. 

Take any element / E 02(A), / : S —> X. Let q : S — > S be the universal 
covering and / : S — > X the structure map of /. Let B = c*S be the cone on S and 
c the cone point of B. Let q: B — c*S^-Bbe the universal covering, c = ? _1 (c) 
and q(tx + (1 — t)c) = tq(x) + (1 — t)c, x € S. Note that /*7Ti(5) is isomorphic to 
a spherical 2-orbifold group. By the claim, there exists a vertex OISIBO Z of X 
such that (f*in(S))(Z) = Z. By Proposition HTTD1 Fix(/*7ri(S , )) j4 0. Thus there 
exists a point d <E Z such that (f*iri(S)) Ad — d. 

Choose any r G 771(5*). We put = /*(r). Since cr^ G (/*7I"i(S)),a, cr^(ci) = d. 
Moreover, by the fact ta{x t ) = x T and Proposition [5TTl cr^(/(5 T )) = /*(r)^i(/(i T )) = 

f OT A {x T ) = f(x T ). 

Let Zi be the OISIBO in which /(i r ) is included and let Z k be the OISIBO 
in which d is included. Since a a acts on the tree C(X), Z\ and Z^ are invariant 
by a a- In addition, since a a is of finite order, we can apply Proposition 12.21 and 
get that any vertex OISIBO Zi and any edge OISIBO Zj between Z\ and Zk are 
invariant by a a- By Proposition 15.91 for each Zi and each Zj, Fix OA\Zi is a tree 
and Fix (aA\Zj) is (a tree x [0, 1]) . 

Note that since the structure map of each attaching map from Zi a to and 
the restriction of 17,4 to Zi and Z^ commute, any point of Fix {o~A\Zi ) is mapped 
to a point of Fix (o~A\Zi 1 ). Hence Fix a a in X is connected. Thus we can find an 
interval which is fixed by a a, and connecting f(x T ) and d. 
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We will show that tt 2 (X) — 0. Take any continuous map ip : S 2 — > X. Since 
<p(S 2 ) is compact, there exists a connected and compact subset P of X which 
contains a finite number of OISIBO's Zi of X such that ip(S 2 ) C P. By Proposition 
[5TT0l iiV for each Z h n 2 (Zi) = H 2 (Zi) = 0. Dividing P = P x U P 2 such that P 1 
consists of k vertex OISIBO's, (k - 1) edge OISIBO's, and Y x [0, \ + e] and P 2 
consists of a vertex OISIBO and Y x [-1 — e, 1], PxDP 2 — Y x [-i — £, -|-+e] where 
y x [0, 1] is an edge OISIBO of X, we can show H 2 (P) — by the induction on k 
and Mayer- Vietoris exact sequences. Thus tt 2 (P) = 0, which gives the fact [ip] = 
in tt 2 (P), so is in tt 2 (X). Then the triviality of / follows from Proposition 15. 71 

The triviality of Os(X) is derived from showing ^(X) = and Proposition 15.81 
in the similar mannerr. □ 

Let M be a 3-orbifold, and X an orbifold composition. We say that two b- 
continuous maps f,g:M^X are C- equivalent if there is a sequence of b-continious 
maps / = /o, fx, . ■ ■ , f n = 9 from M to X with either /, is b-homotopic to or 
fi agrees with on M — B for a certain ballic 3-orbifold B C M with i? n dM a 
discal orbifold or \B\ Ci \dM\ — 0. Note that C-equivalent b-continuous maps induce 
the same homomorphisms nx(M) — > m(X) up to choices of base points and inner 
automorphisms . 

Remark 5.13. Let /, g be C-equivalent maps from a 3-orbifold M to an orbifold 
composition X. If Oi(X) , s are trivial, i — 2,3, then / and g are b-homotopic. 

Lemma 5.14. Let M be an orbifold, and X an orbifold- composition. Let p : 
M M and q : X — >• X be the universal coverings. Suppose dim M = n and 
7r n _i(|X|) = 0. Let g : \M\ — > \X\ be a continuous map which satisfies the condition 
that there exists a homomorphism ip : Aut(M,p) — > Aut(X,q) such that for each 
a 6 Aut{M,p), goa — ip{a)og. Then there exists a continuous map f : \M\ — > \X\ 
which satisfies the following: 

(1) There exists a point x G \M\ — p~ 1 (EM) such that f(x) G \X\ —q~ 1 (YiX). 

(2) There exists an n-ball B n C \M\ -p _1 (SM) such that B n Da(B n ) = for 
each a G Aut{M,p), a ^ id, and 

(5.3) /I ( 1*1 " U < Bn ) \=J 1*1 ~ U < Bn ) 

\ a£ Aut(M,p) I \ <t6 Aut(M,p) 

(3) For each a G Aut(M ,p), f o a = <p(cr) ° /. 

Proof. The proof is similar to that of }Tal| Lemma 5.4]. □ 

Theorem 5.15 (Transversality Theorem). Let M be a good, compact, connected, 
orientable 3-orbifold, and X a 3-orbifold composition. Suppose that there exists an 
edge OISIBO Y x [0, 1] of X , the core Y satisfies that 2 (X - Y) and 2 (Y) are 
trivial. Then, for any b-continuous map f : M — > X, there exists a b-continuous 
map g — (\g\,g) ■ M — y X which satisfies the following : 
(i) g is C-equivalent to f. 

(ii) Each component of g^ 1 (Y) is a compact, properly embedded, 2-sided, in- 
compressible 2-suborbifold in M . 
(iii) For properly chosen product neighborhoods Y x [—1,1] of Y = Y x in 
X, and g^{Y) x [-1,1] of g^{Y) = g-\Y) x m M, \g\ maps each 
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fiber x x |[— 1,1] homeomorphically to the fiber \g\{x) x |[— 1,1]| for each 

xe\g-HY)\. 

Proof. The proof is similar to that of [Tall Theorem 5.5]. □ 

Corollary 5.16. In Theorem \5. 151 if Oi{X) are trivial, i = 2,3, then f and g are 
b-homotopic by Remark \5.13\ 

6. Group representations and splittings of groups 

For the contents of the present section we refer to the original paper |C-S] . 

An isomorphism from a group II to 7Tx(G, Q) is called a splitting of II where 
7Ti(G, Q) is the fundamental group of a graph of groups (G, Q). A splitting is trivial 
if there exists a vertex group which is isomorphic to the whole n\{G, Q). 

Let II be a finitely generated group. Take a system of generators gi, ■ ■ ■ ,g n for 
II. We define a set i?(II) = {(p{gi), ■ ■ ■ , p{gn)) I a representation p : II — > Si^C)}. 
The points of -R(II) correspond to the representations of II in SL2(C) bijectively, 
and we often identify such 1-1 corresponding points. For each g € II, we may define 
a map r g : R(U) — > C by T g (p) = tr(p(g)). Let T be the ring generated by all 
the functions T g , g £ II. It is finitely generated ( [C-S[ Proposition 1.4.1]). Thus 
we can take and fix 71, ... , 7 m £ LI such that r 7l , . . . , r 7m generate T. With those 
elements we define a map t : R{lT) — > C m by t{p) = (r 71 (p), . . . , T 7m (p)), and set 
X(II) = t(R(H)). For each g 6 II, there exists a function I g : X(IL) — > C which 
maps t(p) to tr(p(g)). It is a regular function. 

Theorem 6.1. f |C-S[ Theorem 2.1.1]) If the group H acts without edge inversions 
on the tree T, then LI is isomorphic to iri(T/Tl,Q) where (T/H,Q) is defined in 
[OSl pp.123-124]. 

Theorem 6.2. ( |C-S1 Theorem 2.2.1]) Let C be an affine curve contained in X(II) 
and C be a non-singular projective curve uniquely determined by C . To each ideal 
point x of C one can associate a splitting of LI with the property that an element 
g of LI is contained in a vertex group if and only if I g does not have a pole at x. 
Thus, in particular, the splitting is non-trivial. 

7. Main Theorem 

Theorem 7.1. Let M be a good, compact, connected, orientable 3-orbifold with- 
out non- separating spherical 2-orbifolds. We assume that the fundamental group 
of each prime component of M is infinite. Suppose that ni(M) has a nontrivial 
finite splitting. Then there exists a non-empty system of essential 2-suborbifolds 

n 

Sx, . . . , S n C M such that for each component Q of M — Si, tt\{Q) is contained 

i=l 

in a vertex group. 

Proof. From the hypotheses, m(M) is isomorphic to Tt%(G, 0), the fundamental 
group of a graph of groups (G, Q). Along the splitting of m(M), we construct an 
orbifold composition (of general type) X as follows: 

Step a We may assume that M has no spherical boundary components. Take 
a base point y e |M| - EM of M. 

Step b By the hypotheses, we can take a prime decomposition of M, each 
component of which has an infinite fundamental group. Gluing back the prime 
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components by b-continuous maps along the ballic 3-orbifolds attached in capping 
off, we obtain an OISIBO W with m(W) = ni(M), each particle of which is an 
irreducible 3-orbifold. 

Step c Let G;, i G I and Hj, j G J be the vertex groups and the edge 
groups of (G,Q), respectively. Take the covering OISIBO Xj of W associated 
with each vertex group G{ of (G, Q), and the covering OISIBO Yj of W associated 
with each edge group Hj of (G, Q). If an edge ej of G has verteces Vj , Vj 1 , then 
Hj < Gj t , t — 0,1. Thus there exist covering maps p\ : Yj — > Xj t which induce 
monomorphisms (p^)* : Hj — > Gj t , t = 0,1. 

Step d The system X = (Xi,Yj x [0, l],pi)t=o,i,i€i,jeJ is a desired orbifold 
composition with ni(X) = -KiiT /-ki{M),Q) — ni(M). Take a base point x$ G 
\Yi x | -£(Y"i x X) of X. 

By Proposition 15.121 Oi(AT) are trivial, i = 1,2,3. By Proposition 15.51 we 
can construct a b-continuous map / : M — »• X which induces an isomorphism 
if : ni(M,y ) -> ni(X,x ). 

Note that the set J is finite. For all j G J, take f^ 1 (Yj x {-j - })- By applying 
Proposition 15.121 for X — Yj, we obtain the fact that O^iX — Yj) is trivial. And 
applying Proposition 15.101 for Yj, we obtain the fact that OaC^j) is trivial. We 
have already shown that Oi(X)'s are trivial, i = 2,3. With modifications through 
b-homotopies if necessary, by Theorem l5.15l and Corollarv l5.16l each component of 
J — 1 (|J je 7 (yj x {4"})) is a compact, properly embedded, 2-sided, incompressible 
2-suborbifold in M. If one of such components is boundary parallel, we can reduce 
the number of components by modifications through b-homotopies. Note that we 
can make those modifications fixing on some neighborhood of each component of 
U which is already imcompressible. After those modifications, we obtain 

a system of essential 2-suborbifolds Si, - ■ ■ , S n as (not necessarily all) components 
of f-\Yj x {i}), j G J. 

By the construction of Si , ■ ■ ■ ,S n , for each component Q of M — IJj_i Sj , tti (Q) 
is contained in a vertex group of (G, Q). □ 

Corollary 7.2. Let M be a good, compact, connected, orientable 3-orbifold without 
non- separating spherical 2-orbifolds. We assume that the fundamental group of each 
prime component of M is infinite. Suppose that ni(M) acts on a simplicial tree T 
nontrivially without edge inversions such that T/tti(M) is finite. Then there exists 
a non-empty system of essential 2-suborbifolds Si, . . . ,S n C M such that for each 

n 

component Q of M — Si, i^i{Q) fixes a vertex of the tree. 

i=l 

Proof. By Theorems 16.11 and 17.11 □ 

Corollary 7.3. Let M be a good, compact, connected, orientable 3-orbifold without 
non-separating spherical 2-orbifolds. We assume that the fundamental group of each 
prime component of M is infinite. Let C be an affine curve contained in ~K(wi(M)) . 
To each idel point x of C one can associate a splitting of tti(M) with the property 
that an element g of iri (M) is contained in a vertex group if and only if L g does not 
have a pole at x. Then there exists a non-empty system of essential 2-suborbifolds 
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Si, . . . , S n C M such that for each component Q of M — Si, tti(Q) is contained 

i=l 

in a vertex group. 

Proof. By Theorems MM and O □ 
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